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We propose a solution to the problem of Bloch electrons in a homogeneous magnetic field by
including the quantum fluctuations of the photon field. A generalized quantum electrodynamical
(QED) Bloch theory from first principles is presented. In the limit of vanishing quantum fluctuations
we recover the standard results of solid-state physics, for instance, the fractal spectrum of the
Hofstadter butterfly. As a further application we show how the well known Landau physics is
modified by the photon field and that Landau polaritons emerge. This shows that our QED-Bloch
theory does not only allow to capture the physics of solid-state systems in homogeneous magnetic
fields, but also novel features that appear at the interface of condensed matter physics and quantum
optics.
Cavity QED materials is a growing research field bridg-
ing quantum optics [1, 2], polaritonic chemistry [3–7],
and materials science, such as light-induced new states of
matter achieved with classical laser fields [8, 9]. Photon-
matter interactions have recently been suggested to mod-
ify electronic properties of solids, such as superconductiv-
ity and electron-phonon coupling [10–14]. On the other
hand, materials in classical magnetic fields are known to
give rise to a variety of novel phenomena such as the
Landau levels [15], the integer [16, 17] and the fractional
quantum Hall effect [18], and the quantum fractal of the
Hofstadter butterfly [19] which can be now accessed ex-
perimentally with high resolution [20–22]. One of the
open questions in this field is whether Bloch theory is
applicable for solids in the presence of a homogeneous
magnetic field. The homogeneous magnetic field breaks
explicitly translational symmetry. This issue was solved
to some extent by introducing the magnetic translation
group. However, the magnetic translation group puts
fundamental limitations on the possible directions and
values of the strength of the magnetic field [17, 23, 24].
In this Letter, by combining QED with solid-state
physics, we provide a consistent and comprehensive the-
ory for solids interacting with homogeneous electromag-
netic fields, both classical and quantum. Our main find-
ings are as follows: (i) The quantum fluctuations of
the electromagnetic field allow us to restore translational
symmetry that is broken due to an external homogeneous
magnetic field (see Fig. 1). (ii) We generalize Bloch the-
ory and provide a Bloch central equation for electrons
in a solid in the presence of a homogeneous magnetic
field and its quantum fluctuations. (iii) Applying our
framework to the case of a 2D solid in a perpendicular
homogeneous magnetic field, in the limit of no quantum
fluctuations, we recover the fractal spectrum of the Hof-
stadter butterfly (see Fig. 2). (iv) In the case of a 2D
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FIG. 1. An external vector potential Aext in Landau gauge
(in arbitrary units) breaks periodicity along y of an otherwise
periodic material in the (x, y) plane with lattice constant ay.
Periodicity is restored by including the photon fluctuations Aˆ
proportional to the photonic coordinate u, which leads to the
total vector potential Aˆtot = Aˆ+Aext. The total vector po-
tential is constant in the polaritonic direction w, which makes
the combined system periodic along this coordinate with lat-
tice constant
√
2ωcay, where ωc is the cyclotron frequency. In
the case that electrons and photons decouple, the polaritonic
coordinate v merges with −y and w vanishes.
electron gas in a cavity and under the influence of a per-
pendicular homogeneous magnetic field we find Landau
polariton states [25–27]. The spectrum of the Landau
polaritons (in atomic units) is
Ej,kw = k
2
w/2M + Ω (j + 1/2) . (1)
The frequency of the upper polariton is Ω =
√
ω2c + ω
2
p
and depends on the cyclotron frequency ωc and an ef-
fective plasma frequency ωp. The kinetic energy k
2
w/2M
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2corresponds to the lower polariton (see Fig. 3) and will
be explained in detail in what follows.
Translational Symmetry with Homogeneous Magnetic
Fields.—Non-relativistic QED describes electrons mini-
mally coupled to the electromagnetic field, both classical
and quantum. For the description of the photon field we
follow the standard procedure of assuming a finite box
of length L and volume V = L3, in which we model the
electromagnetic field [1, 2, 28]. In the usual case of a
solid, the volume V does not constitute a physical quan-
tity. In this case the local electron density ne = N/V
is the quantity to work with, since the volume V and
the number of electrons N tend to infinity in such a way
that the local electron density ne is constant. On the
other hand, if we consider a solid confined in a cavity,
the mode volume determines the coupling of the cavity
modes to the electrons [2–6] and the volume becomes a
physical quantity. Our starting point in both cases is the
Pauli-Fierz Hamiltonian [1, 2, 28]
Hˆ =
1
2me
N∑
j=1
[(
i~∇j + e
c
Aˆ(rj) +
e
c
Aext(rj)
)2
+ vext(rj)
]
+
1
4pi0
N∑
j<k
e2
|rj − rk| +
∑
n,λ
~ωn
(
aˆ†n,λaˆn,λ +
1
2
)
, (2)
where we neglected the Pauli (Stern-Gerlach) term. Here
Aˆ(r) is the quantized vector potential of the electromag-
netic field in Coulomb gauge, ∇ · Aˆ(r) = 0, given by
Aˆ(r) =
(
~c2
0V
) 1
2 ∑
n,λ
n,λ√
2ωn
[
aˆn,λe
iκn·r + aˆ†n,λe
−iκn·r
]
.
(3)
Further, κn = 2pin/L are wave vectors with n =
(nx, ny, nz) ∈ Z3, ωn = c|κn| are the allowed frequencies,
0 the vacuum permittivity, and n,λ are the transversal
polarization vectors of each photon mode [1, 2]. The
operators aˆn,λ and aˆ
†
n,λ are annihilation and creation op-
erators, respectively, and obey canonical commutation
relations [aˆn,λ, aˆ
†
m,κ] = δnmδλκ. By introducing the dis-
placement coordinates qn,λ and their conjugate momenta
∂/∂qn,λ we can define aˆn,λ = [qn,λ + ∂/∂qn,λ] /
√
2 and
aˆ†n,λ = [qn,λ − ∂/∂qn,λ] /
√
2. The quantized field in our
theory captures the real back-reaction of matter to the
electromagnetic field. Such back-reactions are essential in
solid-state physics as, e.g., captured by the semi-classical
microscopic-macroscopic connection that determines the
induced fields inside a material [29–31]. In the setting
of cavity QED these back-reactions can be enhanced by
cavity confinement, and in this case the quantized field
models the influence coming from the cavity modes.
Moreover, Aext(r) is a general external vector poten-
tial. Here we are interested in the case of a homogeneous
magnetic field, and for that purpose we choose the ex-
ternal vector potential in Landau gauge [15] Aext(r) =
−exBy which gives rise to a constant magnetic field in
the z-direction, Bext = ∇×Aext(r) = ezB.
Within the framework of Bloch theory [32], the exter-
nal potential is assumed periodic, vext(r) = vext(r+Rn),
where Rn is a Bravais lattice vector. In order to an-
alyze conveniently the external vector potential, which
depends on the electronic coordinates only in y-direction
and is polarized along the x-direction, we choose the lat-
tice vectors as follows
Rn = xnex + ymey + zlez = naxex +mayey + lazez.
(4)
Having a periodic external potential and a uniform mag-
netic field, one would expect a periodic solution using
Bloch theory. Yet, it is obvious that the external vector
potential Aext(r) breaks translational symmetry since it
is linear in y. The quantized vector potential (3) in gen-
eral is not invariant under the translation r → r + Rn
either. As a consequence the Pauli-Fierz Hamiltonian (2)
is not periodic. This implies that Bloch’s theorem and
the usual band theory are not applicable.
We propose that the problem of broken translational
symmetry can be resolved in the optical limit. Therein
the quantized vector potential is assumed uniform and
has no spatial dependence. We choose an effective sin-
gle mode quantized field in order to capture the back-
reaction induced by the external magnetic field. Thus,
the quantized vector potential is Aˆ = exq
√
~c2/0V ω.
The Pauli-Fierz Hamiltonian, after expanding the covari-
ant kinetic energy, takes the form
Hˆ =
N∑
j=1
[
− ~
2
2me
∇2j +
ie~
mec
(
Aˆ+Aext(rj)
)
· ∇j + vext(rj)
]
+
1
4pi0
N∑
j<k
e2
|rj − rk| +
e2
2mec2
N∑
j=1
(
Aˆ+Aext(rj)
)2
+ ~ω
(
aˆ†aˆ+
1
2
)
. (5)
But what exactly does the optical limit mean for a solid?
The optical limit is valid in cases where the wavelength
of the electromagnetic field is much larger than the size
of the electronic system. But solids compared to the
size of an atom are infinitely large systems. This holds
especially within the context of Bloch theory where full
periodicity is assumed. This implies that in the optical
limit the wavelength of the field should be infinite and the
frequency should tend to zero. Naively, taking ω → 0 in
Aˆ seems to lead to divergencies in Eq. (5). However, if
the limit is performed consistently, which means that we
take the back-reaction of matter due to the square of the
vector potential into account, no divergencies arise.
To that end, we isolate the purely photonic part of
Hˆ which includes only one bare photon mode of fre-
quency ω plus the square of the vector potential Hˆp =
~ω
(
aˆ†aˆ+ 1/2
)
+Aˆ2Ne2/2mec
2. In terms of the photonic
coordinate q and the conjugate momentum ∂q = ∂/∂q
it is Hˆp = ~ω/2
(−∂2q + q2) + q2Ne2~/2meω0V . By
introducing the dressed frequency parameter given by
3ω˜2 = ω2 + ω2p and the coordinate u = q
√
ω˜/ω, the pho-
tonic part Hˆp takes the form of a harmonic oscillator
Hˆp = ~ω˜/2
(−∂2u + u2) where the frequency ωp is the
well-known plasma frequency which depends on the elec-
tron density ne and is given by ωp =
√
nee2/me0. The
vector potential as a function of the new coordinate u is
given by Aˆ = uex
√
~c2/ω˜0V . We have thus rewritten
the quantized vector potential Aˆ and the photonic part
Hˆp in terms of the dressed frequency ω˜, which makes the
optical limit specifically simple. In the optical limit the
dressed frequency ω˜ goes to the plasma frequency ωp and
substituting Hˆp and Aˆ back into Eq. (5) we obtain the
Hamiltonian in the optical limit
Hˆopt = − ~
2
2me
N∑
j=1
∇2j +
i~e
mec
N∑
j=1
(
Aˆ+Aext(rj)
)
· ∇j
+
N∑
j=1
vext(rj) +
1
4pi0
N∑
j<k
e2
|rj − rk| (6)
+
e2
2mec2
N∑
j=1
(
Aˆ+Aext(rj)
)2
− ~ωp
2
∂2u.
The quantized vector potential in the optical limit is
Aˆ = exu
√
~c2/0V ωp. For a periodic potential Hˆopt is
still not periodic in the electronic coordinates because
the external vector potential is still linear in y. But the
optical Hamiltonian Hˆopt is periodic under the general-
ized translation
(rj , u) −→ (rj +Rn, u+Bym
√
~c2/0V ωp). (7)
This proves our claim that in the optical limit the bro-
ken translational symmetry, caused by the homogeneous
magnetic field, gets restored (see Fig. 1). We further
note, that if we include a time-dependent homogeneous
external vector potential as well [33–35], we can treat a
solid subject to a homogeneous electric as well as mag-
netic field.
QED-Bloch Theory with Homogeneous Magnetic
Fields.—Having restored the broken translational sym-
metry we will move a step further and derive a Bloch
central equation for periodic solids in homogeneous mag-
netic fields. Instead of expressing the unfeasible many-
electron interacting problem of Eq. (6), we will employ
the independent electron approximation which resembles
the usual approach of density-functional theory (DFT).
Such an approach is perfectly consistent with Bloch the-
ory, which is not a theory of one electron in a periodic
potential, but of many non-interacting electrons in a pe-
riodic potential. Thus, to account for the collective cou-
pling of the electrons to the photon field, we use an ef-
fective plasma frequency that captures the back-reaction.
Any further exchange and correlation effects would need
the inclusion of effective fields as introduced in quantum-
electrodynamical DFT (QEDFT) [6, 36]. Introducing the
cyclotron frequency ωc = eB/mec, the optical Hamilto-
nian of Eq. (6) in the independent electron approximation
is
Hˆopt =
−~2
2me
∇2 + i~ex
(
u
√
~ωp/me − yωc
)
· ∇ (8)
+ vext(r) +
me
2
(
u
√
~ωp/me − yωc
)2
− ~ωp
2
∂2u.
For convenience we work in units where ~ = me = e = 1.
The Hamiltonian Hˆopt is invariant under the translation
given by Eq. (7) that acts on both, the electronic and
photonic configuration space. In order to describe prop-
erly this symmetry we switch to a new set of polaritonic
coordinates given by
v =
√
ωpu− ωcy√
2
, w =
mp
√
ωpu+mcωcy√
2M
, (9)
where the mass parameters are mp = 1/ω
2
p, mc = 1/ω
2
c ,
and M = (mp + mc)/2. In this coordinate system the
Hamiltonian Hˆopt becomes
Hˆopt = −
(
∂2x + ∂
2
z + ∂
2
w/M
)
/2 + i
√
2v∂x
+ vext(r)− Ω2∂2v/4 + v2 (10)
with Ω2 = 1/mc + 1/mp = ω
2
c + ω
2
p and r =(
x,w/
√
2ωc −mpv/
√
2Mωc, z
)
. The coordinates v and
w are independent since the respective momenta and
positions commute. The Hamiltonian Hˆopt includes a
harmonic oscillator Hˆv = −Ω2∂2v/4 + v2 which has the
Hermite functions φj(v) as eigen-states and its spectrum
is Ej = Ω(j + 1/2) with j ∈ N0. Hˆv can be written
equivalently in terms of annihilation and creation op-
erators Hˆv = Ω(bˆ
†bˆ + 12 ), bˆ = v/
√
Ω +
√
Ω∂v/2 and
bˆ† = v/
√
Ω − √Ω∂v/2 with [bˆ, bˆ†] = 1. The Hamilto-
nian Hˆopt of Eq. (10) is invariant under the translation
(x,w, z) −→ (x+ xn, w+
√
2ωcym, z+ zl), implying that
we can make use of Bloch’s theorem in those coordinates.
Thus, the eigen-functions of the Hamiltonian Hˆopt can be
written with the ansatz
Ψk(rw, v) = e
ik·rwUk(rw, v) (11)
where rw = (x,w, z). Here U
k(rw, v) is periodic along
rw = (x,w, z) with periodicities ax,
√
2ωcay, and az, re-
spectively. One important aspect of our version of the
Bloch ansatz above is that it is a polaritonic Bloch ansatz,
in the sense that both coordinates v and w are combined
coordinates. The crystal momentum k = (kx, kw, kz),
corresponds to rw, and kw is a polaritonic quantum num-
ber. Moreover, the polaritonic unit cell in w-direction
scales linearly with the strength of the magnetic field
(see Fig. 1). The same feature appears also in the case
of the so-called magnetic unit cell, but the magnetic unit
cell allows only field strengths which generate a rational
magnetic flux through a unit cell [17]. This is a con-
sequence of invariance under the magnetic translation
group introduced by Zak [23, 24]. On the contrary, the
polaritonic unit cell puts no restrictions on the allowed
magnetic strengths.
4Since the function Uk(rw, v) is periodic in rw we can
expand it in a Fourier series along rw. For the v coor-
dinate of the polaritonic Bloch ansatz we use the eigen-
functions of the harmonic oscillator Hˆv. Thus,
Ψk(rw, v) = e
ik·rw
∑
n,j
Ukn,je
iGn·rwφj(v), (12)
where Gn = (G
x
n, G
w
m, G
z
l ) = 2pi(n/ax,m/
√
2ωcay, l/az)
is the reciprocal lattice vector. The external potential is
expanded in a Fourier series as well.
vext (r) =
∑
n
Vne
iGn·rwe−iG
w
mmpv/M (13)
Substituting Eqs. (12) and (13) into the Hamiltonian
Hˆopt of Eq. (10), and then acting from the left with 〈φi|
and eliminating the plane waves we obtain[
(kx +G
x
n)
2
2
+
(kw +G
w
m)
2
2M
+
(kz +G
z
l )
2
2
+ Ei − Ek
]
Ukn,i
−
√
2 (kx +G
x
n)
∑
j
〈φi|v|φj〉Ukn,j (14)
+
∑
j
∑
n′
Vn−n′Ukn′,j〈φi|e−iG
w
m−m′mpv/M |φj〉 = 0.
Using the Hermite recursion relations we find for the ma-
trix 〈φi|v|φj〉 =
√
Ω[
√
jδi,j−1 +
√
j + 1δi,j+1]/2. The ex-
ponential in the last term of Eq. (14) can be written as
a displacement operator using bˆ and bˆ†,
e−iG
w
m−m′mpv/M = eαmm′ bˆ−α
∗
mm′ bˆ
†
= Dˆ(αmm′) (15)
where αmm′ = −iGwm−m′mp
√
Ω/2M . The matrix rep-
resentation of this displacement operator in the basis
{φi(v)} is given by [37]
〈φi|Dˆ(αmm′)|φj〉 =
√
j!
i!
αi−jmm′e
− |αmm′ |
2
2 L
(i−j)
j (|αmm′ |2),
(16)
where i ≥ j and L(i−j)j (|αmm′ |2) are the associated La-
guerre polynomials. Using Eq. (16) and the expression
for the matrix 〈φi|v|φj〉 we obtain the generalized Bloch
central equation[
(kx +G
x
n)
2
2
+
(kw +G
w
m)
2
2M
+
(kz +G
z
l )
2
2
+ Ei − Ek
]
Ukn,i
− (kx +G
x
n)
√
Ω√
2
[√
i+ 1Ukn,i+1 +
√
iUkn,i−1
]
(17)
+
∑
n′,j
Vn−n′Ukn′,j
√
j!
i!
αi−jmm′e
− |αmm′ |
2
2 L
(i−j)
j (|αmm′ |2) = 0.
Equation (17) gives the spectrum and the eigen-functions
for electrons inside a solid under the influence of a con-
stant magnetic field, in the case where quantum fluctua-
tions of the field due to the electron density are also taken
into account. We would like to mention that Eq. (17)
also holds in the limit where the plasma frequency goes
to zero, i.e., ωp → 0. In this limit all the parameters in-
volved in Eq. (17) depend only on the strength of the ex-
ternal magnetic field, since they take the values, M →∞,
Ω → ωc, and αmm′ → −ipi
√
2(m − m′)/√ωcay. This
means that the physics of periodic structures in homo-
geneous magnetic fields [17, 19, 23, 24] is recovered in
our theory. More concretely we, for instance, recover the
fractal pattern of the Hofstadter butterfly, depicted in
Fig. 2, with the choice of a cosine lattice potential in the
lowest Landau level. Detailed explanations on how the
Hofstadter butterfly was obtained and how the quantized
fields can modify the fractal spectrum will be presented
in a forthcoming publication.
FIG. 2. Energy spectrum of a 2D solid in a perpendicular ho-
mogeneous magnetic field as a function of the inverse relative
flux.
Landau Polaritons.—In the following we show how the
photon field modifies well-known results of condensed
matter physics in the special case of no external poten-
tial, vext(r) = 0. In this case Hˆopt of Eq. (10) can be
diagonalized analytically, which is a consequence of the
generalized translational symmetry. For the part of the
Hamiltonian depending on the coordinates rw = (x,w, z)
the eigen-functions are plane waves given by eik·rw and
by applying the Hamiltonian Hˆopt on these plane waves
we obtain
Hˆopt[k] = k
2
z/2 + k
2
w/2M − Ω2∂2v/4 +
(
v − kx/
√
2
)2
.
The eigen-functions of the shifted harmonic oscillator are
the Hermite functions φj(v−kx/
√
2) with spectrum Ej =
Ω (j + 1/2). The eigen-functions of Hˆopt are
Ψk,j(rw, v) = e
ik·rwφj
(
v − kx/
√
2
)
. (18)
5Restricting our model to the case of a 2D electron gas
(kz = 0) confined in a cavity, under the influence of a
perpendicular homogeneous magnetic field, we find the
energy spectrum to be given by Eq. (1). This spectrum
is similar to the one derived by Landau [15], but there is
a major difference. The eigen-functions of Eq. (18) are
functions of the combined polaritonic coordinates v and
w. Thus, these states should be interpreted as Landau po-
laritons. Such Landau polaritons have been recently ob-
served experimentally [25–27]. More specifically in [27],
Landau polaritons were observed in a strained Germa-
nium 2D hole gas with 2D density n2D = 1.3×1012 cm−2
and effective mass m∗ = 0.0675me, confined in cavity
with frequency ω = 2pi × 208 GHz.
In this setting we can define the effective plasma fre-
quency [10] in terms of the 2D density and the cavity
frequency ω2p = e
2n2D/m∗0L = e2n2Dω/2picm∗0. Here
L is the cavity length and ω = 2pic/L is the fundamental
cavity frequency. Using the parameters reported in [27]
we find the effective plasma frequency ωp = 0.653 THz.
Fig. 3 shows the polaritonic dispersions a function of the
cyclotron frequency. The lower polariton branch in fact
is a continuum (shaded area in Fig. 3) for which we as-
sume the polaritonic kinetic term k2w to be restricted in
k2w ∈ [0, 1/2] THz−1 [? ]. This reproduces qualita-
tively and quantitatively the data reported in [27]. Im-
portantly, the fact that the lower polariton branch is a
continuum is a direct consequence of the translational
symmetry in the generalized polaritonic coordinate w
(see Fig. 1). As discussed in [27] generic models, such
as the Hopfield model, fail to account for this behavior.
Finally, we would like to point out that in the case of no
cavity confinement, the plasma frequency goes to zero
and we obtain the original Landau levels since Ω → ωc
and M →∞.
Conclusions.—In this Letter we demonstrated how the
translational symmetry can be restored for Bloch elec-
trons in the presence of a homogeneous magnetic field
by taking the fluctuations of the field into account. We
derived a Bloch central equation (17) which gives the
spectrum of electrons in solids with a homogeneous mag-
netic field in the presence but also in the absence of the
field fluctuations. The solutions of this equation in the
limit of zero fluctuations reproduce the already known
results of Bloch electrons in magnetic fields, such as the
quantum Hall effect [16, 17] and the spectrum of the Hof-
stadter butterfly [19]. The derived central equation puts
no limitations on the strength of the magnetic field and
thus allows to scan through the whole continuum of field
strengths for the first time. Moreover, in the case of a
2D electron gas in the presence of a homogeneous mag-
netic field and confined in a cavity we find Landau po-
laritons. Landau-polaritonic states have recently been
observed [25–27] and can be used to control magneto-
transport properties of 2D gases [26]. These Landau po-
lariton states have direct implications on related phe-
nomena such as the quantum Hall effects and the Hof-
stadter butterfly. Our theory provides a first principles
framework for this new emerging field where condensed
matter physics meets cavity QED. We propose that cav-
ity QED confinement of 2D materials will allow for the
observation of such polaritonic effects.
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ωc /2
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FIG. 3. Upper (red line) and lower (blue line and shaded area)
polariton branches of Eq. (1) as a function of the cyclotron
frequency ωc = eB/m
∗c. The lowest energy of the upper
polariton (UP), Ω/2, asymptotically reaches the dispersion
of the lowest Landau level ωc/2 (orange dashed line). The
lower polariton (LP) branch consists of the whole shaded area
around the blue line.
ACKNOWLEDGMENTS
V. R. would like to thank M. Altarelli for valuable
comments on the manuscript and for helpful discus-
sions. M. R. acknowledges insightful discussions with
H. Huebener, J. Kaye, and A. Millis. M. P. acknowledges
support by the Erwin Schro¨dinger Fellowship J 4107-
N27 of the FWF (Austrian Science Fund). M. A. S. ac-
knowledges financial support by the DFG through the
Emmy Noether programme (SE 2558/2-1). A. R. ac-
knowledges financial support by the European Research
Council (ERC-2015-AdG-694097) and Grupos Consoli-
dados (IT578-13). The Flatiron Institute is a division of
the Simons Foundation.
[1] C. Cohen-Tannoudji, J. Duport-Roc, G. Grynberg, Pho-
tons and Atoms: Introduction to Quantum Electrody-
namics, John Wiley & Sons, Inc. (1989).
6[2] C. C. Gerry and P. L. Knight, Introductory Quantum
Optics, Cambridge University Press (2005)
[3] T. W. Ebbesen, Acc. Chem. Res. 49, 2403 (2016).
[4] J. Flick , M. Ruggenthaler, H. Appel, and A. Rubio,
Proc. Natl. Acad. Sci. USA. 114(12) 3026 (2017).
[5] J. Feist, J. Galego, and F. J. Garcia-Vidal, ACS Photon-
ics 5, 1, 205-216 (2017)
[6] M. Ruggenthaler, N. Tancogne-Dejean, J. Flick, H. Ap-
pel, and Angel Rubio, Nat. Rev. Chem. 2 (3), 0118
(2018).
[7] R. F. Ribeiro, L. A. Martnez-Martnez, Matthew Du,
J. Campos-Gonzalez-Anguloa and J. Yuen-Zhou, Chem.
Sci., Advance Article (2018)
[8] D. N. Basov, R. D. Averitt, and D. Hsieh, Nat. Mat. 16,
1077 (2017).
[9] M. Buzzi, M. Fo¨rst, R. Mankowsky, A. Cavalleri,
Nat. Rev. Mat. (2018)
[10] M. A. Sentef, M. Ruggenthaler, A. Rubio, Science Ad-
vances 4, 11, eaau6969 (2018)
[11] F. Schlawin, A. Cavalleri, D. Jaksch, arXiv:1804.07142
(2018).
[12] J. B. Curtis, Z. M. Raines, A. A. Allocca, M. Hafezi,
V. M. Galitski, arXiv:1805.01482 (2018).
[13] O. Cotlet, S. Zeytinoglu, M. Sigrist, E. Demler,
A. Imamoglu, Phys. Rev. B 93, 054510 (2016).
[14] F. P. Laussy, A. V. Kavokin, I. A. Shelykh,
Phys. Rev. Lett. 104, 106402 (2010).
[15] L. D. Landau and E. M. Lifshitz, Quantum Mechanics,
Third Edition: Non-relativistic Theory, Pergamon Press
(1997).
[16] K. v. Klitzing, G. Dorda, and M. Pepper,
Phys. Rev. Lett. 45, 494 (1980).
[17] M. Kohmoto, Annals of Physics 160, 343-354 (1985)
[18] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
[19] D. R. Hofstadter, Phys. Rev. B 14, 2239 (1976).
[20] C. R. Dean, et. al., Nature 497, 598-602 (2013)
[21] L. Wang, Y. Gao, B. Wen, Z. Han, T. Taniguchi,
K. Watanabe, M. Koshino, J. Hone, C. R. Dean, Science
350, 6265, 1231-1234 (2015)
[22] C. Forsythe, X. Zhou, K. Watanabe, T. Taniguchi, A. Pa-
supathy, P. Moon, M. Koshino, P. Kim and C. R. Dean
Nat. Nano. 13, 566-571 (2018)
[23] J. Zak, Phys. Rev. 134, A1602 (1964).
[24] J. Zak, Phys. Rev. 134, A1607 (1964).
[25] X. Li, M. Bamba, Q. Zhang, S. Fallahi, G. C. Gardner,
W. Gao, M. Lou, K. Yoshioka, M. J. Manfra and J. Kono,
Nature Photonics, 324-329 (2018)
[26] G. L. Paravicini-Bagliani, et. al., arXiv:1805.00846
(2018)
[27] J. Keller, et. al., arXiv:1708.07773 (2018)
[28] H. Spohn , Dynamics of charged particles and their radi-
ation field, Cambridge university press (2004).
[29] W. L. Mocha´n and Rube´n G. Barrera, Phys. Rev. B 32,
4984 (1985)
[30] J. J. Maki, M. S. Malcuit, J. E. Sipe, and R. W. Boyd,
Phys. Rev. Lett. 67, 972 (1991)
[31] H. Ehrenreich, Electromagnetic transport in solids: opti-
cal properties and plasma effects, Academic Press, New
York (1996)
[32] N. W. Ashcroft and N. Mermin, Solid State Physics, Har-
court College Publishers (1976).
[33] G. F. Bertsch, J. I. Iwata, A. Rubio, and K. Yabana,
Phys. Rev. B 62, 7998 (2000).
[34] N. Tancogne-Dejean, O. D. Mu¨cke, F. X. Ka¨rtner, and
A. Rubio, Nat. Comm. 8, 745 (2017).
[35] N. Tancogne-Dejean, O. D. Mu¨cke, F. X. Ka¨rtner, and
A. Rubio, Phys. Rev. Lett. 118, 087403 (2017).
[36] M. Ruggenthaler, arXiv:1509.01417 (2017)
[37] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1857
(1969)
